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Abstract. A word a = a% ■ ■ ■ a n over the alphabet [k] = {1, 2, . . . , k} is said to be 
smooth if there are no two adjacent letters with difference greater than 1. A word a 
X^/y ' is said to be smooth cyclic if it is a smooth word and in addition satisfies \a n — o~x\ < 

1. We find the explicit generating functions for the number of smooth words and 
cyclic smooth words in [k] n , in terms of Chebyshev polynomials of the second kind. 
Additionally, we find explicit formula for the numbers themselves, as trigonometric 
sums. These lead to immediate asymptotic corollaries. We also enumerate smooth 
necklaces, which are cyclic smooth words that are not equivalent up to rotation. 
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1. Introduction 

in 

Let [k] n be the set of all words of length n over the alphabet [k] — {1, 2, . . . , k}. In 
the past decade, many research papers have been devoted to the study of enumeration 
problems on the set [k] n . For instance, the enumeration of words which contain a 
prescribed number of a given set of strings as substrings is a classical problem in 
combinatorics. This problem can, for example, be attacked using the transfer matrix 
method, see [61 Section 4.7] and [2j. Regnier and Szpankowski [1] used a combinatorial 
approach to study the frequency of occurrences of certain strings (which they also call 
a "pattern") in a random word, where overlapping copies of the strings are counted 
separately. Burstein and Mansour [T] have considered the enumeration of elements 
of [k] n that satisfy certain restrictions, where the restrictions may be characterized in 
terms of pattern avoidance. 

In this paper we consider the enumeration of a special class of words, namely the smooth 
words. Intuitively the name "smooth" indicates that one can move between adjacent 
letters of a word with at most a very slight "bump." The precise definition follows. 

A word cr £ [k] n is said to be smooth if it avoids a (contiguous) string of the form ij 
where > 1. For example, there are 7 smooth words in [3] 2 , namely 11, 12, 21, 22, 

23, 32 and 33. A word cr is said to be smooth cyclic if it is a smooth word and in addition 
satisfies o n — a± e {0, 1, —1}. Clearly, each word in [k] n , k = 1, 2, is smooth cyclic (and 
thus also smooth). We denote the number of smooth words (respectively, smooth cyclic 
words) in [k] n by sw n ^ (respectively, scu> n ,fc)- Table [T] shows the numbers of smooth 
words and smooth cyclic words of length n over the alphabet [k] for < n < 11 and 
3 < k < 7. 
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Table 1. Numbers of smooth words and smooth cyclic words sw n ^, scw n ^- 



We will find the explicit generating functions for sw nt k and scw n ^ in terms of Chebyshev 
polynomials of the second kind. Additionally, we find explicit formulae for the numbers 
themselves, in terms of certain trigonometric expressions. They allow for immediate 
asymptotic corollaries. 

Chebyshev polynomials of the second kind are defined by 

sin(r + 1)6 



[7 r (cost 



sin# 



for r > 0. Evidently, U r (x) is a polynomial of degree r in x with integer coefficients. 
For example, Uq(x) = 1, U\(x) = 2x, Uzix) = 4x 2 — 1, and in general, 

U r {x) = 2xU r - 1 {x) - Ur- 2 {x). (1.1) 

Chebyshev polynomials of the first kind are defined by T r (cos8) = cos(r#) which is 
equivalent to T r (x) = h(U r (x) — U r -2(x)). Chebyshev polynomials were invented for 
the needs of approximation theory, but are also widely used in various other branches 
of mathematics, including algebra, combinatorics, and number theory (see [5]). 

Two words o = o\ • • -o~ n and 7r = tti • • • 7T n in [k] n are said to be rotation equivalent 
if there exists an index i, 1 < i < n such that 7Tj7Tj + i • • • i^n^x^i ' • ■ ^%-\ — °~- F° r 
example, the words 122, 212 and 221 are rotation equivalent. The set of necklaces of 
length n over the alphabet [k] is the set of words in [k] n up to the rotation-equivalence. 
For example, if k = 2 and n = 3 there are 4 necklaces, namely, 111, 122 (212 and 221 
are rotation equivalent), 112 (121 and 211 are rotation equivalent) and 222. Using our 
results on smooth cyclic words, we also determine the number of smooth necklaces in 
[k] n . 

The paper is organized as follows. In Section [2] we obtain the generating function for 
the number sw n ^k of smooth words, followed shortly by the explicit enumeration formula 
(Theorems 12.21 and 12. 4p . The asymptotic growth rate is also obtained in this section. 
In Section [3] we obtain the corresponding enumeration results for smooth cyclic words. 
Lastly, Section H] deals with the enumeration of smooth necklaces. 
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2. Enumeration of Smooth words 
Let swk(x) denote the generating function for the number of smooth words over [k\. 

SW k (x) = 22 SW n,kX n . 
n>0 

In order to obtain a formula for sw k (x), we introduce the following notations. Let 
swk(x | ■ ■ -i s ) be the generating function for the number of smooth words U\ • • • a n 
of length n over the alphabet [k] such that <j\ • ■ • a s — i\ ■ ■ ■ i s - 

Lemma 2.1. The generating function sw k (x \ i) satisfies 

sw k (x | i) — x + x(swk(x | i — 1) + swk(x \ i) + sw k (x | i + 1)), 

for all 1 <i < k, where swk{x \ i) = if i ^ [k]. 

Proof. Let o be any nonempty smooth word. If a contains exactly one letter then 
o\ G [A;]. Otherwise, the second letter of a = icr 2 ■ ■ ■ a n is either i — 1, i or i + 1. Thus, 
in terms of generating functions we have that 

sw k (x \ i) = x + x(sw k (x | i — 1) + sw k (x \ i) + sw k (x \ i + 1)), 

for all 1 < z < A;, which completes the proof. □ 

Rewriting Lemma 12.11 matrix system we obtain 

A = i U (2.1) 

\sw k (x I k)J \lj 

where A = (o^-) is a A; x k matrix defined by an = 1 — x, = ct(i+i)i = — x, and 

aij = for all \i — j\ > 1. Clearly, A is a tridiagonal matrix. 

Applying a result of Usmani [Sj3 on the inversion of A we get 

x j -%„i6 k -j/9 k i<j, 

x*' 3 Qj-xQ^-ij '6 k i > j, 

where Qi satisfies the recurrence relation Qi — (1 — x)Qi~\ — x 2 Q^2, with the initial 
conditions Qq = 1 and Q\ — 1 — x. It follows from (II -ip that the solution is given by 
Qi = x % Ui (^f)- Consequently 

^-1 (if) U k-j (if) 



(A- 1 ),, 



^ (if) 
^-i (if) ^ (if) 



^ (if) 



« < J, 

(2.2) 

z > j. 



Thus the solution of (12. ip is 

' SWk{x | 1) N 
v sw fc (x I A;), 



A" 1 



x. 



Equivalent results have been published earlier, for instance in J3J. 
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This implies that the generating function sw k (x \ i) is given by 

i-2 k- 

1 

SW k {X I I 



U k (t) 



U k .i(t) Uj(t) + U^(t) Uj(t) 

j=0 j=0 



where t = 

In order to simplify the right-hand side we use the identity 

2^ U M>- 2 (t-l) 

3=0 K ' 

which may be proved easily from the fact that 

-A . / . \ sin((p + l)t)(cos(t) - 1) + sin(t) cos((p + l)t) - sin(t) 

U Sm[jt) ~ 2(cos(t) - 1) 

and T n {x) = \{U n {x) - U n - 2 (x))E 
Thus 



(2.3) 



SW k {X I) 



2(t-l)U k (t) 
Now apply the identity 



[tfi_i(t)l7 fc+ i-i(t) - U k ^(t)U^ 2 (t) - U k -i(t) - Ui-^t)] 



Ui{t)U 3 {t) 



Ui-j(t) - tUi-j.^t) - U i+j+2 (t) + tu i+j+1 {t) 



to obtain 

sw k (x I i) 



2(1 -t 2 



U k (t) - t£7 fc _i(t) - E7fc+ 2 (t) + ££4+i (t) 



(2.4) 



2(t-l)U k (t) 
which, by ( 11 .11) . is equivalent to 



2(1 -t 2 



-t4_i(t) -£/;_!(*) 



sw k (x z) 



2(* - l)U k (t) 



[U k {t)-U k ^{t)-Ui^{t)]. 



(2.5) 



Now, using sw k {x) = 1 + 52i=i sw k(x I and again (12.31) . we obtain an explicit formula 
for the generating function sw k (x). 

Theorem 2.2. The generating function sw k (x) for the number of smooth words of 
length n over the alphabet [k] is given by 



sw k {x) 



x(k-(3k + 2)x) 2x 2 1 + (^f) 
(l-3x)2 + (l-3x) 2 Uk (^) ' 



It is easy to see that each word in [k] n , k = 1, 2, is a smooth word. For small values of 
k, Theorem 12.21 gives 



The verification of such identities is a priori trivial and can be done by a computer, since, upon 
rewriting the trigonometric functions via Euler's formulae, one only has to sum some finite geometric 
series. 
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sw 3 (x) = 1 _2^!! x 2 ; that is, the number of smooth words in [3] n is given by 

sw^{x) = l^~^ 2 , that is, the number of smooth words in [4]™ is given by 

2 /l + v /5\ 2n+1 2 /l- v / 5\ 2n+1 ocl 
I — ~ — I ^1 — ~ — I = 2F 2n+ i. 



M 2 J V5 1 
siifc(x) = (^J}(x-2x-2x 2 ) ' ^at * s ' ^ e num her of smooth words in [5]™ is given 



by 



6 6 ' 3 



In order to obtain an explicit formula for the number of smooth words of length n over 
the alphabet [k] we need the following lemma. 

Lemma 2.3. Let m > 1. TTien 

1 _ 1 f^ (-l) J+1 ^ 2 (^l) 
U m (x) m + lj^ rr-cos(^) 

and 

l + U m -i(x) 1 y^ a + l-l^sm 2 ^) 
U- m (x) m + x-oos(^) 

Proof. Let us compute the partial fraction decomposition of v ^ . By general prin- 
ciples, it is XljLi x -p ' J ? where p mj - = cos(^-j-) are the zeros of the m-th Chebyshev 
polynomials of the second kind. Now, A m = 777-^ — T and note that 

TT . dU m (x) d /sin(m + 1)9\ d9 

U m (x) = : = — [- 



dx d9 \ sin # J dx 
We work out that 

dU m (m + 1) cos(m + 1)9 • sin 6 — sin(m + 1)0 ■ cos 9 
~W = sh?0 ' 

and if we plug in x = p m j simplification occurs, since certain terms are just zero; we 
obtain that 

dU m . . (m + 1) cos(m + 1)9 ■ sin^ — sin(m + 1)9 ■ cos9 



d9 ^ rccos ^ = ^ e 

(m + 1) cos(7rj) • sin — sin(7rj) • cos 



__7TJ_ 

' m+1 



m+1 ""*-\"Jj m+1 



sin 2 ^ 

m+1 



(m + 1) cos(7rj) • sin 



7TJ 

m+1 



sin 2 ^ 

m+1 



(m + l)(-iy 
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Further ^| = — sin^, so together = U' m (p m j) = ( m+1 K Jjf — ( which completes the 
proof of the first identity. Similarly, the second one can be obtained. □ 



Now we are ready to obtain an explicit formula for the number of smooth words. 

Theorem 2.4. The number of smooth words of length n over the alphabet [k] is given 
by 

• s '"'ii.A' 



or alternatively as 



2 ^ ^ 2 (2j + 1)tt / gj + l)7r \ 



Proof. Fix and let 0,- = -^r. Lemma [231 says that the coefficient of x n in — — — l±Eh=iw 



0<7< fc_1 



2x 



with t = (see Theorem I2.2j) is given by 



Pn,k = [x 



2x 2 1 A (1 + (-iy +1 )sm 2 e 



E l 1 X ' 
, , , „ , - cos Oj 

J 1 X (2.6) 

4 r x n- 3l 1 ^(l + (-iy +1 )sin 2 fl, 



3 



■Et: 

Now notice that 



A;+1 L (l-3x) 2 ^ l-a:(l + 2cosfl 



1 3 3cu cj 2 

+ 



(1 -3s) 2 (l -iw) (cj-3)(1-3x) 2 (w - 3) 2 (1 - 3x) (u - 3) 2 (1 - xu) 
and 



cj-3 = l + 2cos^ -3 = -4sin 2 (^-). (2.7) 



So we are dealing with 



3 3(l + 2cos^) (l + 2cos^) 2 



4sin 2 (f)(l-3a;) 2 16 sin 4 (f )(1 - 3x) 16 sin 4 ( y )(1 - x(l + 2 cos^)) 
which implies that the coefficient of x n ~ 3 in A is given by 



3"- 2 (n-2) 3™- 2 (l + 2cos^) (l + 2cos# 



in— 1 
3 1 



4sin 2 (f) 16sin 4 (f) 16sin 4 (f) 



2 

Hence, (12.61) can be written as 

k 



p^ = ^ T E( 1 +(- 1 ) J+1 ) sin2 ^ 

which simplifies to 



3 n " 2 (n-2) 3 n " 2 (l + 2cos^) (l + 2cos%) n - 1 
4sin 2 (|) 16sin 4 (|) 16sin 4 (|) 



1 V^,- , ^.'i.^ o,0 



Pn,k 



\, 3"- 2 (l + 2cos^) (l + 2cosg J )"- 1 - 

sin (y) sin ( y J 
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Using the identity £)J =1 (1 + (~ 1 ) J ) cos 2 (f ) = =±i, we get that 



1 



.6; 



p n , fc = 2(n-2)3^ 2 +^^(l+(-iy +1 )cot 2 (^)[(l+2cos^)"- 1 -3 n - 2 (l+2cos^) 



Note that 



[s 



3=1 

n ,x(k-(3k + 2)x) 



(l-3x) 2 



.r 



n-li 



k 



X 



n-2l 



3A; + 2 

(1 - 3x) 2 L ~ J (1 -3a;) 2 
kn3 n ~ l - (n- l){3k + 2)T- 2 
[3k -2n + 2)3 n - 2 . 



Therefore, Theorem 12.21 gives 
sw n>k = (3k -2n + 2)3 n ~ 2 + p n>k 
= {3k - 2)3 n ~ 2 

k 



cot 2 (% 



(3k -2)3 



3=1 
jn-2 



(1 + 2 cos dj) n ^ — 3 n ~ 2 (l + 2 cos 0,-) 



+ 7— — r V(l + (-l) 3+1 ) cot 2 (^)(l + 2 cos%) [(1 + 2 cos^)"- 2 - 3"~ 
fc -H 1 2 L 

3=1 

Notice further that 

^(1 + (-iy +1 ) cos 2 (|)(l + 2 cos^) = (Jfe + 1)(3A; - 2), 

3=1 

thus we have that 

k 

1 , 

SW n h 



3=1 



as claimed. 



□ 



Corollary 2.5. Asymptotically, we have as n — > oo, 



sw n , k ~ 



2 „ 7T 

■cot 2 



k+1 2(k + l) 



1 + 2 cos 



7T 



fc+ 1 



n-1 



Note that since there are k possible initial letters for a smooth word and at most 
three possibilities thereafter for each subsequent letter, the number of smooth words is 
bounded above by k3 k ~ 1 . This upper bound becomes increasingly more accurate as k 
grows larger (except for a factor of below), since as k — > oo, 

" 2 27r2 0(k~*) 



1 + 2 cos 



7T 



k + 1 



3" TT7 + 



k 2 k 3 



and 



7T 



, 8fc _8_ ,1, 

A; + l COt 2(k + l) ~ ^ + ^ + 
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3. Smooth cyclic words 



In this section we find an explicit formula for the generating function scwk(x) = 

Xm>0 SCW n,k% ■ 

Denote by scwu{x \ i\ • • • i s \ j) the generating function for the number of smooth cyclic 
words a — o~x • ■ ■ a n of length n over [k] such that <j\ ■ ■ ■ <j s — %\ ■ ■ ■ i s and a n = j. We 
define 

k 

scw k (x, v | i 1 -.-i s ) = J2 scw k (x I % x ■ ■ -i s I j)v 3 . 

j=l 

Lemma 3.1. For all i = 1, 2, . . . , k, 

scw k (x,v | i) = (v^li > 1] +v { + v i+1 [k > i\)x 2 

+ x(scwk(x, v I i — 1) + scwk(x, v | i) + scwk(x, v \ i + 1), 

where scwk(x,v \ j) = for j [A;] and [P] = 1 if the condition P holds, and [P] = 
otherwise. 

Proof. Let o be any smooth cyclic word containing at least two letters. If a contains 
exactly two letters and <Ti = i, then j = % — 1, i, i + 1, which gives the contribution 
> 1] + v l + > i\)x 2 . Otherwise, the second letter of a = io<i ■ ■ ■ a n -ij is 

either % — 1, i or % + 1. Hence, in terms of generating functions, we have 

scw k (x, v \i) = (V -1 {i > 1] + v { + v i+1 {k > ij)x 2 

+ (scu>fc(x, v | i — 1) + scwk(x, v \ i) + scwk(x, v \ i + l))x, (3.1) 
for all 1 < i < k, which completes the proof. □ 



Restating Lemma [3.11 matrix system we have 



/ scw k {x,v | 1) \ 
scwk(x, v | 2) 



A 



/ 



v + v 



V + V 2 + V 3 



v k 2 + v k 1 + v k 



\ 



v k 1 + v k 



X 



(3.2) 



/ 



scwk(x, v I k — 1) 
\ scwk(x, v | k) ) 

where A is the tridiagonal matrix already defined in the previous section. 

Theorem 3.2. The generating function for the number of smooth cyclic words of length 
n over an alphabet of k letters is given by 

kx(l + Zx) 2{k+l)x £4-i (lif) 



SCWk ix) 



1 + 



l + x)(l-3x) (l + x)(l-3x) U k {^) 
Proof. Equation (13.21) gives that 



( scw k {x,v I 1) \ 
scwk(x, v I 2) 

scwk(x, v I k — 1 
\ SCWk(x, v | k) ) 



( 



A 



-i 



v + v 
V + v 2 + v 3 



\ 



v k 2 + v k 1 + v k 

y k-l _|_ y k 



x 2 , 
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where A" 1 is defined in (12.21) . 

Fix t = and i, where i = 1, 2, . . . , k. By comparing the coefficients of iP in the 2-th 
row in the above matrix equation we obtain, for i ^ 1, k, 

k 

E scw ^ x = * 2 (A^_ 2) + 2A 7(li) + 3A,: 1 + 2A^ +1) + A^ +2) ), 

3=1 

and for % = 1 , k we have 

2 

£ scufc(z I 1 I i) = ^(SA^ + 2A^ + A^ 1 ), 

3=1 
k 

^cw k {x \k\j)= x 2 (2A kk 1 + 2A fc( 1 fc _ 1) + A" 1 ^). 

j=k-i 

Note that scw k (x \ i \ j) — for |j — z| > 1. Thus the generating function scw k (x) is 
given by 

k 

1 + kx — x 2 (A 11 1 + Aj^ 1 ) + x 2 £(A i ^ 1 _ 2 ^ + 2A. ( , i L _ 1 ^ + SAjj 1 + 2A i ^ 1 +1 ^ + A i(j 1 +2 ^), 

where 1 counts the empty words, and kx counts the words of length 1 in the set of 
words over [k]. Therefore, applying (12.21) we obtain 

scw k (x) = 1 + kx H — 

Uk{t) 

k-i 

+ TTm Y,( u i-3(t) + 2^2 (t) + 3L/^_i(*)) 

+ C^_ 1 (t)(2C^_i_ i (*) + C/ fe - 2 -i(0), 
which, by simple algebraic operations, is equivalent to 

= i + fa + ^-(«) + av.W + ^W) 

fe-3 

+ j^^(2U i - l {t)+4U i (t) + 3U^. 1 {t))U k - 2 - i {t). 

and can be simplified tell 

scw k (x) = 1 + kx 

4Z7 fc _i(«) + 4?7 fc _ 2 («) + 2t7fc_ 3 (t) 

„2 



+ 



+ (1 + x) X (1 _ 3x) ^3(fc - 2)C/ fe+1 (t) + 4(* - 2)[/ fe (t) - fcC/^t) 
- 4(/c - l)Z7 fc _ 2 (t) - 2(A; + l)£4- 3 (t) - 4E/ fc _ 4 (t) - 2U k - 5 {t) 



3 Such identities can be proved using a computer, as explained before. It is, however, not so easy 
to find them. 
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Using the recursion (jl.ip for the Chebyshev polynomials several times we arrive at 

kx{l + 3x) 2(k + l)x t/fc_i(t) 



SCWkiX) = 1 + 



[l + x)(l-3x) (l + x)(l-3x) U k (t) ' 



as claimed. 



□ 



Now let us find an explicit formula for the number of cyclic smooth words of length n 
over the alphabet [k]. 

Theorem 3.3. The number of smooth cyclic words of length n over the alphabet [k] is 
given by 



scw n>k = ^ 



1 + 2 cos 



J 71 " 
k + 1 



Proof. Fix fc and 0,- = jtt- Then Lemma 12.31 implies that the coefficient of x n in 



'3 fe+1 
(l+a;)(l-3x) l/ fe (i) ' ! 2.r 



2(fc+l)s U k ^(t) t = J^x j is given by 



4x 2 sin 2 



y "' fc L J (l + x)(l-3a;)^l-x(l + 2cosfl i 



Using the fact that 
1 



9 



{I + x){l - 3x){l - xu) A(l+u)(l + x) (w-3)(l+w)(l-xw) 4(w - 3)(1 - 3x) 
and (12. 7p . we obtain that 

k 

q n ,k = ^2 sin2 e i 



3=1 
k 

E 

3=1 



■l) n (l + 2cos0 3 -) n H 3 n 



4cos 2 (f) sin 2 ^- 



4sin 2 (§) 



sin 2 (^)(-l) n - (1 + 2 cos%) n + cos 2 (^|)3 n 



Using the identities ^^ =1 cos 2 (^-) = | and ^^^ =1 sin 2 (^-) = |, we get that 



Qn,k = ^ (("I)" + 3 n ) - 5> + 2 cos^)". 

i=i 

Hence, Theorem 13.21 states that the coefficient of x n , n > 1, in the generating function 
scwk{x) is given by 

scw„, fc = - (3™ + (-1)") - g n , fc = ^(1 +2cos^r, 

as claimed. □ 
Corollary 3.4. Asymptotically, we have as n — ► oo ; 



1 + 2 cos 



7T 

Jfc + l 
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Note that, asymptotically, smooth and cyclic smooth words have the same exponential 
growth order, just a different constant. More precisely we may deduce 

Corollary 3.5. The proportion of smooth words that are cyclic smooth in [k] n tends 
to|(A; + l)(2cos(^ T )+l)tan 2 (^ Ty ) asn^oo. 

We observe that for large k, 

i (fc+1) ( 2K)s( _^ ) + 1 ) tan2 (^)^-|! +0 (,-=, 

4. Smooth necklaces 

Smooth necklaces were defined in the introduction of the paper. To count the number 
sn n ^ of smooth necklaces of length n over an alphabet of k letters we consider equiva- 
lence classes of smooth cyclic words up to rotation. From Theorem 13.21 we then obtain 
the following result by a direct application of Theorem 13.21 and Exercise 7.112(a)]. 

Theorem 4.1. Let n > 1. The number sn n ^ of smooth necklaces of length n over an 
alphabet of k letters is given by 

1 k 

i=l j\n 

where <fi is Euler's totient function (4>(n) is the number of positive integers < n that 
are relatively prime to n), and we write j \n if j divides n. 

We see from this that asymptotically as n — > oo, sn n ^ ~ scw nt k- 
The following table (Table [2]) is obtained from Theorem 14.11 



n 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 




1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


sn n:2 


1 


2 


3 


4 


6 


8 


14 


20 


36 


60 


108 


188 


sn n ^ 


1 


3 


5 


7 


12 


19 


39 


71 


152 


315 


685 


1479 


sn nA 


1 


4 


7 


10 


18 


30 


65 


128 


293 


658 


1544 


3622 


sn nt5 


1 


5 


9 


13 


24 


41 


91 


185 


435 


1009 


2445 


5945 


sn n:6 


1 


6 


11 


16 


30 


52 


117 


242 


577 


1360 


3347 


8278 


sn n j 


1 


7 


13 


19 


36 


63 


143 


299 


719 


1711 


4249 


10611 



Table 2. Numbers of smooth necklaces sn n ^- 
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